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I .  I  In t rod.uct ion and surnmary.
R e n e w a l  t h e o r y  i n  i t s  e a r l y  s t a g e s  c o n c e r n e d  i t s e l f  w i t r r  a
p r o b a b i l i s t i c  m o d e l  f o r  t h e  f a i l u r e  a n d  r e p l a c e m e n t  o f  c o m -
p o n e n t s '  s u c h  a s  e l e c t r i c  l i g l i t  b u l b s .  F o r  a  g e n e r a l  s u r v e y
o f  t h e  t h e o r y ,  a n d  i t s  o r i g i n s ,  w e  r e f e r  t o  S m i t h  ( [  1 9 i * ) ; ,
f o r  p r o o f s  o f  t h e  b a s i c  r e s u l t s  s e e ,  e . g . ,  F e 1 l e r  ( t 6 ] ) .
c o n s i d e r  a  p o p u l a t i o n  o f  c o m p o n e n t s ,  w h e r e  e a c h  c o n p o n e n t  i s
c h a r a c t e r i z e d  b y  a  n o n n e g a t i v e  r a n d o m  v a r i a b L e  x ,  c a l l e d  i t s
l i f e t i m e .  i ^ / e  s u p p o s e  t h e s e  r a n d o m  v a r i a b l e s  J : 7 : ï 2 : . . .  t o  b e
i n d e p e n d e n t  a n d  i d e n r i c a l l y  d i s t r i b u t e d ,  a n d  n o t  t o  b e  d e s e n -
e r a t e d  a L  z e r o .
T h e  f i r s t  c o m p o n e n t  i s  i n s t a l l e d  a t  t h e  i n i t i a l  i n s t a n  r .  t  : :  0 ,
s ê y ,  a n d  i s  r e p l a c e d ,  i n s t a n t a ' e o u s r y ,  a t  t h e  t i m e  : r , ,  T i r e
second  componen t  i s ,  i n  t u rn ,  t ep laced  a t  t íme  g  
r+ {  2 ,  anc i
s o  o n .
Thus ,  t he  t ime  a t  wh i ch  t he  n th  renewa l  t akes  p race  i s  r he
f h
n  p a r t r a l  s u m  o f  t h e  { g " } ,  a n d  w e  w i l l  d e n o t e  i t  b y
Í , ,  - -  { # z * " . * 9 n  ( n  :  7 , 2 , . . .  ) .
Le t  us  w r i t e  l l ,  f o r  t he  l a rge  s t  n  such  t ha t  S ,  <  t ,  so  t ha t
l , t  d e n o t e s  t h e  n u m b e r  o f  r e n e w a l s  i n  [ 0 , t ) .
A  c e n t r a l  r o l e  i n  r e n e w a l  t h e o r y  i s  p l a y e d  b y  t h e  r e n e w a l
f u n c t i o n  f j  ( t ) ,  w h i c h  i s  c l e f  i n e d  b y
. r l ( t )  .  E u , i t j ,
so  t ba t  f l  ( t  )  deno tes  t he  expec ied  number  o f  r e .ewa l s  i n  l o ,  t  i  .
T h e  s i m p l e s t  a n d  o r d e s t  g e n e r a l  r e s u l t  a b o u t  c ( t )  i s  t h e
* )
n u m D e r s  r r e t w e e n  s q u a r e  b r a c k e t s  r e í c r  t o  t h e  l i s t  o f  r e f e r e n c e s ,
so -ca1 led  e lemen ta ry  renewa l  t heo rem,  wh i c i r  says  t ha t
- 1
f l ( t ) / t  u  t t  as  t  -+  * ,
w h e r e  u  d e n o t e s  t h e  e x p e c t e d  l i f e t i m e  Í  t , . : r \ ,  a n d  w h e r e  v - 7  i s
i n t e r p r e t e d  a s  z e Í o  i f  u  - -  € .
A  much  more  f undamen ta l  -  and  t heo re t i ca l l y  ve ry  impo r tan t
r e s u l t  i s  B l a c k w e l l t s  t h e o r e m ,  w h i c h  w e  f o r m u l a t e  f o r  n o n -
l a t t i c e  d i s t r i b u t e d  l i f e t i m e s .  A  r a n d o m  v a r i a b l e  r  i s  c a 1 l e d
n o n l a t t i c e ,  i f  t h e r e  e x i s t s  n o  c /  >  0  s u c h  t h a t  t h e  d i s t r i b u -
t i o n  o f  r  i s  c o n c e n t r a t e d  o n  t h e  s e t  { n d ,  n  i n t e g e r } .
B l a c k w e l l ' s  t h e o r e m  t h e n  s a y s  t h a t ,  f o r  a n y  f í x e d  h  >  0 ,
: l ( t + h ) - f i ( t )  ' >  h v  '  o ,  t  ' >  * .
A g a i n ,  t h e  l i m i t  i s  i n t e r p r e t e d  a s  z e r o  í f  u  - -  @ .
S o o n  i t  b e c a m e  c l e a r  t h a t  E h e  m a t h e m a t i c a l l y  m o s t  i n t e r e s t i n g
p r o b l e m s  i n  t h e  f i e l d  o f  r e n e w a l  t h e o r y  -  t h o s e  w h i c h  a r e
c o n c e r n e d  w i t h  t h e  a s y m p t o t i c  b e h a v i o u r  o f  t h e  r e n e i r a l  f u n c -
t i o n  a r e  o f  i n d e p e n d e n t  i n t e ï e s t  a n d  t h e y  c o n t i n u e d  t o  b e
s t u d i e d  a s  s u c h ,  t h e  o n l y  t r a c e  o f  t h e i r  o r i g i n  b e i n g  t h e
f a c t  t h a t  L h e  r e s u l t i n g  t h e o r e m s  a r e  g e n e r a l l y  c a 1 l e d  r e n e w a l
t h e o r e m s .
N o w  t h e  { g i }  n o  l o n g e r  n e c e s s a r i l y  r e p r e s e n t  t h e  l i f e t i m e s  i n
s o m e  r e n e w a l  p r o c e s s ,  a n d  t h e  a s s u m p t i o n  t h a t  t h e  i r - . ]  a r e
- L
^ ^ ^ + a ' r , ^  ;  -
r r u r r ! L E ó o L  r  v E  r è  d f  O p p e d .
T h e  s t a r t i n g  p o i n t  i s  n o w  a  s e q u e n c e  r t r : , . 2 s . . ,  o f  i n d e p e n d e n t
a n d  i d e n t i c a l l y  d i s t r i b u t e d  r a n d o m  v a r i a b l e s ,  w i t h  c o m m o n
d i s t r i b r r t i o n  f u n c t i o n  F .  W e  f u r t l ' r e r  d e f i n e
'  
-  n  -  a  L . "  L  L  í  / n  -  1  t
v ,  & 1 ' &  O , . . .  r 4 . 1  t ' -  
-
-O -  - rL  - l  -Z  - tL
S r r c h  r  n r ó . ê c q  { j , - ,  y i  =  0 r 7 r . . . }  í s  c O m m O n l y  c a l l e d  a  r a n d o m
-  
l L
w a l k .  T h e  r a n d o m  v a r i a b L e  S ,  i s  i n t e r p r e t e d  a s  t h e  p o s i t i o n
a t  t ime  r i  o f  a  pa r t i c l e  r o , r i r , *  r " , i  t h  r anc lom j  umps ,  r ,  be ing
| L ^ j . . _ * ! : _ ^ ' . a l l ' ^ ) : ^ È - - . L . . ! - ' ^ . r . . . ^ r . l ^ . ^ ct n e  J u m p  a c  t l m e  z .  T h e  d i s t r i b u t i o n  f u n c t i o n  o f  S n  í s  g i v e n
2
b y  L i t ,  t h e  n - Í o l d  c o n v o l u t i o n  o f  i ' .
For  a  Bo re l  se t  B  and  f o r  r i  ?_  7  t he  even t
a  v i s i t  L o  B  a t  t i m e  ; 2 .  T h e  e x p e c t a t i c , n  o f
v i s i r s  o f  { . t  }  r o  r h e  s e t  B  i s  c a l l e c l  r h e
-n
B ,  and  i s  deno ted  bv  U (E )  .  L {e  have
u( ts )
n=7
w h e r e  F ' ( B )  =  p { ê n  e  B } .
I n  ou r  wo rk  we  w i l l  a lways  assume  Ëha t  I  l r l f  f  an l  (  - ,  and
t h a t  u  - -  /  r F  ( d r )  i s  p o s i r i v e .  T h i s  i m p l i e s  r h a L  U  ( f  )  <  o
f o r  a n y  b o u n d e d  i n t e r v a l  1 .
r f  t h e  d i s t r i b u t i o n  f u n c t i o n  I  h a s  p o s i t i v e ,  p o s s i b l y  i n f i -
n i t e ,  f i r s t  m o m e n t  u  t h e n  a g a i n  B l a c k w e l l r s  t h e o r e m  i s  v a l i d
fo r  Lhe  co r respond ing  renewa l  measu re  u .  Suppos ing  t r  t o  be
n o n l a t t i c e  w e  h a v e ,  f o r  a n y  f i x e d  / z  2  A ,
U [ ] ,  t + ) t . ,  *  h r - 1  a s  t  *  -
I n  t h i s  t hes i s  \ ^ / e  u ran t  t o  s t . udy  measu re r  U0 ,  wh i ch  we  w i l l
ca l l  gene raL ízed  renewa l  measu res ,  and  wh i ch  a re  de f i ned .  f o r
a n y  r e a l  0 ,  b y
@
U o ( B )  :  t  m v { ( B )
m = 7
f o r  a l l  B o r e l  s e t s  B .
w h a t  w e  a r e  i n t e r e s t e d  i n  i s  t h e  a s y m p t o t i c  b e h a v i o u r  o f
t h e s e  g e n e r a r t z e d  r e n e w a l  m e a s u r e s ,  e . g .  t l i e  b e h a v i o u r  o f
L l  U la+ t ,  b+ t  )  as  t  -+  *  .
O u r  i n v e s t í g a t i o n  o f  t h e  a s ) r y n p t o t i c s  o f  U r  r v a s  m o t i v a t e d  b y
the  ro l e  w l i i c l - r  such  gene ra l i zec l  r enewa l  measu res  and  t he i r
a s y m p t o t i c  b e h a v i o u r  p l a y  i n  r - d i m e n s i o n a l  r e n e w a l  t h e o r v
( c f .  S t a m ,  l z l l ) .
H o w e v e r ,  t l i c  r e s u l t s  a r e  p e r h a p s  a l s o  i - n t e r e s t i n g  f r o n r  a
f í ,  -  - li . ' -  e  8 j  i s  c a i l e d
*rL
t he  number  o f
renewa l  measu re  o f
pu re l y  ana l y t i ca l  pc in t  r i r '  v i ew .
F ina l l y ,  so ine  new  p rc l e r t i  es  o f ,  t he  renewa l  measu ïe  U  i t se l - f
are  der i - . ied,  and a few icnovrn resu l ts  are obta ined by new
t e c h n i o r r e s .
R e l a t e d  p r o b l e m s  w e r e  s t u d i e d  i n  a  p a p e r  b y  S m i t h  ( [ Z t ] ) ,
a l t hough  h i s  p r ima ry  conce rns  a re  d i f f e ren t  f r om ou rs .  Sm i th
i s  ma in l y  i n te res ted  i n  t he  behav iou r  o f  UU  1 - * , t )  f o r  t  à  - ,
wh i l e  we  concen t ra te  ou r  a t t en t i on  on  l oca l  asymp to t i c  p rop -
e r t i e s  o f  I J ^ ,  n a m e l y  o n  t h e  b e h a v i o u r  o f  I J ^ L a + t , b + t )  f o rU -  -  U
t  - >  - .  S o m e  o f  S m i t h ' s  t h e o r e m s  ( e  . g .  h i s  c o r o l L a r y  5  , 2 )  a r e
comparab le  w i t h  ou rs ,  bu t  t hey  a re  de r i ved  by  qu i t e  d i f f e ren t
me thods  and  i n  seve ra l  r espec t s  t hey  a re  \ , í eake r  t han  ou r
r e s u l t s .
T h e  f i r s t  f o u r  c h a p t e r s  o f  t h i s  t h e s i s  c o n t a i n  p r e p a r a t o r y
m a t e r i a l .  I n  t h e  f i r s t  c h a p t e r  s e v e r a l ,  m o s t l y  t u u l l - k n o w n ,
renewa l  t heo rems  a re  l i s t ed ,  and  gene ra l í zed  renewa l  measu res
a r e  i n r r o d u c e d .  W e  s h o w  t h a t  U k ,  w i t h  k  =  7 , 2 r . . . ,  a n d  t h e
( k + t  )  - f o l d  c o n v o l u t i o n  o f  U  a r e  c l o s e l y  c o n n e c t e d .  I n  c h a p t e r
I I  we  f o rmu la te  a  t heo rem wh i ch  s t rows  tha t  i f  two  p robab i l i t y
d i s t r i bu t i on  f unc t i ons  Í  and  G  have  su i t ab l y  many  momen ts  i n
common,  then the i r  gene raLízed renewal  measures have the same
a s y m p t o t i c  b e h a v i o u r ,  u p  t o  a  c e r t a i n  o r d e r .  I n  c h a p t e r  I I I
t h e  " c o m p a r i s o n "  t h e o r e m  o f  t h e  s e c o n d  c h a p t e r  i s  u s e d  t o
p r o v e  s o m e  t h e o r e m s  o n  t h e  a s y m p t o t i c s  o f  r e n e w a l  d e n s i t i e s ,
and  f u r t he r  some  o f  t he  renewa l  t heo rems  o f  t he  f i r s t  chap te r
a r e  s h a r p e n e d .  I n  c h a p t e r  I V  w e  c o n s i d e r  c o n v o l u t i o n s  o f  a
c e r t a i n  c l a s s  o f  s i g n e d  m e a s u r e s ;  t h e  r e s u l t s  c a n  b e  a p p l i e d
t o  i n v e s t i g a t e  c o n v o l u t i o n s  o f  t h e  r e n e w a l  m e a s u r e  U .
O u r  m a i n  r e s u l t s  a r e  d e r i v e d  i r - r  c h a p t e r s  V  a n d  V I .
I n  chap te r  V  we  a re  i n te res ted  i n  t he  dom inan t  t e rm  o f
U ^ l a + t , b + t ) ,  a n d  w e  p r o v e  t h a t ,  u n d e r  a p p r o p r i a t e  c o n d i t i o n s
D
f o r  F ,
4
ê  - A - 1  A
U r l a + t , b + t )  =  t " v  "  '  ( b - a )  +  o ( t "  ) ,  a s  t  - +  - .
I n  c h a p t e r  V I  w e  g o  f a r t h e r .  T h e r e  w e  s h o w  t h a t ,  í f  F  i s
a b s o l u t e l y  c o n t i n u o u s  a n d  h a s  f i n i t e  m o m e n t  o f  o r d e r  p + 7 ,  a n d
í f  F  s a t i s f i e s  s o m e  f u r t h e r  c o n d i t i o n s ,  t h e n  w e  c a n  o b t a i n  a r l
asymp to t i c  expans ion  f o r  t he  dens t -Ly  uU  o f  U ,  o f  t he  f o rm
[ p  ]
u ^ ( t )
t r t - = o L -
E x p r e s s i o n s  f o r  t h e  c o e f f i c i e n t "  . í ,  i  =  0 , 7 , . . . r k ,  c a n  b e
o b t a i n e d ,  a n d  w e  w i l l  s e e  t h a t  c .  d e p e n d s  o n  L ,  0 ,  a  a n d  b ,
a n d  f u r t h e r  o n  t h e  f i r s t  t + 7  m o m e n t s  o f  l .
A n  i m p o r t a n t  e l e m e n t  i n  o u r  d e r i v a t i o n s  i s  t h e  i n t r o d u c t i o n
o f  a  ce r ta i n  f am i l y  { g t ,  t  L  t o }  o f  i n tege r - va lued  random
v a r i a b l e s .  S u p p o s i n g  t h e  d i s t r i b u t i o n  f u n c t i o n  F  t o  b e  n o n -
l a t t i ce  we  de f i ne ,  f o r  some  bounded  i n te r va l  I  and  f o r  t ^
s u f f i c i e n t l y  l a r g e ,
P { g t  =  m }  =  { ( f + t ) / U ( I + t )  ( m  =  7 , 2 , . . . ) .
O 2
Assuming  Lha t  I  l r l o f { a r )  1  o  wê  f i nd  f r om ou r  exp ress ions
for  the aomir , " r r ï  term of  Uk,  wi th  k  in teger ,  that  for  t  '>  *
- 1  t  ,  - t  I
t - ' { r * }  =  t v '  +  o ( t ) ;  E { r i }  =  t ' v  "  +  a ( t " ) .
-  L  
- 1
I t  f o l l ows  t ha t  r r / t v  conve rges  i n  quad ra t i c  mean ,  and
t h e r e f o r e  i n  p r o b a b i l i t y ,  t o  7 .  H e n c e  w e  s e e  t h a t  t h e  d i s t r i -
- 1  ^
b u t i o n  o f  ( s r / t v  ' ) o  c o n v e r g e s  c o m p l e t e l y  t o  a  d i s t r i b u t i o n
wh ich  i s  degene ra ted  a t  t he  po in t  7  .  ( I n  ou r  wo rk  a  sL ronge r
fo rm  o f  t h i s  weak  l aw  o f  l a rge  numbers  w i l l  be  p roved ,  f o r
w h i c h  t h e  a s s u m p t i o n  ?  l * l 7 f { a n )  <  -  w i l l  b e  s e e n  r o  b e
s u p e r f l u o u s .  )
Now
I )  ^( r + t )  =  t ; { r ? } t J  (  r + t ) ,
v  - t r
and i f  we may in terchange l imi t  and expectat ion then we f ind
t l r a t  f o r  t  )  - ,  deno t i . ng  t he  l eng th  o f  I  by  l f  l ,
u  A( r+ t )  =  to r -o -7  i1 l  +  o  ( to  )  .
In  th is  way in  chapter  V an express ion for  the dominant  term
o f  U u ,  w i t h  0  r e a l ,  i s  o b t a i n e d .
I n  chap te r  V I  we  f i r s t  show  tha t  i f  I . has  exponen t i a l l y
van i sh ing  t a i l s  t hen  -  by  t he  resu lLs  o f  chap te r  IV  -  an
a s y m p t o t i c  e x p a n s i o n  f o t  U O ( t + t ) ,  w i t h  k  =  7 , 2 , , , , ,  c a n  b e
de r i ved ,  a l t hough  i n  t h i s  expans ion  t he  coe f f i c i en t s  a re
ra the r  unmanageab le .
Howeve r ,  i f  Í  has  a  dens i t y  w i t h  exponen t i a l l y  van i sh ing
ta i l s ,  t hen  t he  ex i s tence  o f  such  an  asymp to t i c  expans ion ,
t oge the r  w i t h  Lap lace  i nve rs i on  t echn iques ,  p rov ides  us  w i t h
o t h e r ,  m o r e  s a t i s f a c t o r y ,  e x p r e s s i o n s  f o r  t h e  c o e f f i c i e n t s  i n
t h i s  e x p a n s i o n ,  v í 2 ,  i n  t e r m s  o f  m o m e n t s  o f  F .
No rv ,  once  more ,  t he  random va r i ab les  {g t }  appea r  on  t he  scene .
Assuming  F  t o  have  f i n i t e  second  momen t  i t  t u rns  ou t  t ha t ,
c u r i o u s l y  e n o u g h ,  t h e  { g t }  f  o r  t  ' +  @  s a t i s f y  a  c e n t r a l  l i m i t
t h e o r e m .  A  s a t i s f a c t o r y  s t o c h a s t i c  i n t e r p r e t a t i o n  o f  t h i s
p r o p e r t y  h a s  n o t  y e t  b e e n  f o u n d .
I f  F  h a s  a  d e n s i t y  w i t h  e x p o n e n Ë i a l l y  v a n i s h i n g  t a i l s ,  t h e n
i t  i s  even  poss ib l e  t o  show tha t  t he  momen t  gene ra t i ng  f unc -
t ion o f  !4-  =  ( r * - t /p) / / tn  converges to  the moment  generat ingL t  - t
f unc t i on  o f  a  no rma l  l aw .
Fu r the rmore  
a
u ^ ( l ; t  =  E ' { x " , ' } u ( t , ,
v  - u
=  E { ( y r / í  +  t / v ) a } u ( t ) ,
and  by  expand . i ng  @r / t f i  +  t / t t )O  i . ,  t e rms  o f  power  s  o f  y r ,
and  us ing  t he  above -men t i oned  resu l t s  f o r  t he  momen t  gene r -
a t i ng  f unc t i on  o f  y r ,  we  t hen  ge t  an  asymp to t i c  expans ion
f o r  y U ( t )  ,  w i t h  0  r e a l ,  f o r  t h e  c a s e  w h e r e  I
w i t h  e x p o n e n t i a l l y  v a n i s h i n g  t a i l s .
F ina l l y  t he  compar i son  t heo rem o f  chap te r  I I
t ha t  t he  f i n i t e  asymp to t i c  expans ions  we  j us t
v a l i d  f o r  a  m o r e  g e n e r a l  c l a s s  o f  p r o b a b i l i t y
f u n c  t i o n s  F  .
h a s  a  d e n s i t y
i s  u s e d  t o  s h o w
o b t a i n e d  a r e
d i s t r i b u t i o n
|  . 2  N o t a t i o n s  a n d  c o n v e n E i o n s .
w i  t h  i ,  Ë0 ,  B  .  \ , r ' e  deno te ,  r espec t i ve l y ,  t he  c l . asses  o f  Bo re l
se t s ,  boundeC Bo re l  se t s  and  bounded  i n te rDa l s  o f  ( - * , * ) .  The
índ t ca to r  f unc t í on  o f  a  se t  /  i s  w r i t t en  as  X t  o r  X { ,4 } .  The
se t  A+ t ,  f o r  r ea l  t  and  . 4  €  Ê ,  deno tes  t he  t r l cnsLa t i on  o f  A
t o  t h e  r i g h t  o v e r  a  d i s t a n c e  t ,  s o  t h a t  A + t  -  { A t  y - t  €  A } .
A  szgneC measL r ,e  , 5  w i l l ,  as  usua1 ,  be  de f i ned  as  an  ex tended
r e a l - v a l u e d ,  c o u n t a b l y  a d d i t i v e  s e t  f u n c t i o n  o n  t h e  c l a s s  o f
a l l  m e a s u r a b l e  s e t s  o f  a  m e a s u r a b l e  s p a c e  ( X r ó ) ,  s u c h  t h a t
S ( 0 )  =  0 ,  a n d  s u c h  t h a t  S  a s s u m e s  a t  m o s t  o n e  o f  t h r :  v a l u e s
+ -  a n d  * - .  E v e r y  s i g n e d  m e a s u r e , S  c a n  b e  w r i t t e n  u n a m b i g u o u s l y
as the d i f ference ^9+ -  S o f  t \vo meas, . r res ,5+ and ,5  (o f  which
a t  l e a s t  o n e  i s  f i n i t e )  w i t h  , 5 *  1 ^ 9 - ,  i " e .  t h e r e  e x i s t s  a  s e t
A such that  s+ (a)  =  0 ,  S-  (Ac )  =  Q .  The measure,  s+ and ,S are
ca l led th .e  poszt t -ue and negat iue uar ta t ' ton o f  ^9.  The sum
S+ +  S -  i s  ca l l - ed  dne  t ) a . r , í a t i on  o f  S ,  and  i s  deno ted  by  lS l .
T h e  ( s i g n e d )  m e a s u r e s  w e  m e e t  i n  t h e  s e q u e l  a r e  c o n s i d e r e d  t o
b e  d e f i n e d  o n  ( ( - * r * )  ,  B ;  .  A  m e a s u r e  . R  i s  c a l l e d  t n t e r u a L -
f t n í t e  L f  R ( l )  <  -  f o r  a l l  i  €  Ê 1 . . .
The  assump t i on  t ha t  a  s i gned  measu re  5  canno t  t ake  bo th  t he
va lues  + -  and  - -  i s  needed  to  gua ran tee  t ha t  S  i s  de f i ned  on
( ( - * , * ) ,  É ; ,  H o w e v e r ,  o u r  w o r k  l e a d s  u s  t o  c o n s i d e r  d i f f e r -
e n c e s  1 ? ,  -  R  2 ,  w h e r e  À 7  a n d  R  2  a r e  i n t e r v a l - f  i n i t e  m e a s u r e s
